Definitions:

./4nower Céa/)fer 2

Gamma and Beta Functions

We define the gamma function as

o0

r(n)=[ et t"1dt, x>0 (1)
0
and Beta function as
1
B(m,n)=[ t™t @-t)"dt|, m>0,n>0 (2)
0
Properties of the Beta and Gamma functions:
Q=1
I'(n+1)=nI'(n) I'(n+1)=n!
@© 2
r(n)=2[ e t>"1 dt
0
x
2
[ cos®™tgsin>"1g dg = M)
0 2I'(m + n)
1
)=+
[ eCdt=1yx
0 2
I'(m)I'(n)
B ) =, < B ' =B )
(m,n) T(m+n) (m,n) (n,m)
(i) |B(M+1n)=—" B(m,n) (i) |[B(M,n+1)= —"— B(m,n)
" m4n ’ ’ T m+n ’
2n-1
1 1 (2n)!
I'(2n)= r(nrin+= '(n+3)=
(20 ==7—T(C(n+) (+3)= o V7

I'(m) =00 if mis zero or a negative integer.

/4

r(mrd-n)= sinzn
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Exercises
(1) Prove that
() [ e™x" dx =ﬁl‘(n 1), n>-1a>0
0

Answer:
Let t=ax then dt=adx

(0. 0]
(ii)j xme_xndx=%r{m +1/n}, m>-1,n>0
0

Answer:
Let t=x"then dt=nx""tdx
and
© o M ot o MmM+1l-n
Ma=X" 4y — n el n -t el
_[ xMe™ dx —I t — T dt =—] t dt ==T{m +1/n}
0 0 0

(o 0]
(iii) | exp(2ax —x%)dx = %J; exp(a?)
a
Answer:

Let (2ax-— x2)=a2 —t then 2ax —x°—a’=-t and
(X +a)2 =t
2(x +a)dx =dt
2tdx =dt
dx =idt
t

2t

and

T exp(az—t)idt =lexp(a2)]9 et M2t =lexp(a2)l“(l)=£\/;exp(a2)
! 2t 2 : 2 2’2
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(2) Prove that

/2 1
| tan"6de="T{+n)/2jT{(1-n)/2} if jn|<1
0
Answer:
72 n 72 sing )" (2 . n -n 1
‘('; tan 9d0=£ (w) 9d0=£ sin" @cos 0d0=EF{(1+n)/2}F{(1—n)/2}

(3) Prove that

"2 "2 Jz T{(1+n)/2}
. n _ n N7
I sin 9d0_j cos @d@= 5 F{(2+n)/2}

0 0
Answer:
2 2 rHre)
I sin" 0d 9 = I sin 0(c050) do :EB(n +1,1 = n+2 _\/_ Fid+n)/2}
. . 22 iy r{(2+n)/2}
2 2 rHre)
I cos" 0d @ = I cos" 0(sin6)°d _lgd oty n+2 _Vxz T{+n)/2}
. . 22" 2 r*2) 2 T{(2+n)/2}

(4) Express each of the following integrals in terms of the Gamma or Beta
functions and simplify when it possible:

1 1/4
(i) j (%-1) dx

0
Answer
1 1/4 1 _\l/4 1
(] (52 oo
o X . X : 4 4

(ii) j (b —x)"Y(x —a)"dx, (b >a,m >0,n >0)

Answer:
X—a

Let y=
y b—a

At x=a we find y=0 and when x=b we find y=1
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dy=bd—x — dx=(b—a)dy
x=y(b—a)+a Substitute in the integration

b
[ &-x)" (x —a)"dx

I
O+ Ok O*“—F

[(b-®-a)y —a]" [ -a)y +a-a]" " (b —a)dy

[(b-a)-b-a)y]" [b-a)y]" b -a)dy

(b _a)m+n—2(1_y)m—1yn—1dy ~(b _a)m+n—2B(n’m)

1

(i) [ x™@-x")Pdx, (m>-1,p>-1,n>0)
0

Answer:

Let y=x"then x = yTlT and dx =£yTlT_1dy Substitute in the integral then
n

1 = g 01 mendd 1. 1_.m-1
—yn@-y)Poy ndy==[y n (1-y)P=dy ==I(—=,p+1)
n no n n n

O =y =
>

0

Answer
Let %=et then x=e""and dx=-e"'dt Substitute in the integral then
1 1 a-1 0 1 00 1
| (m—) dx==[ (t)" e ldx=| (t)" e dx=T(a)
0 X o 0

1

dx

Vv . (n>0)

0 V(A-x")
Answer:

1 1
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dx 1 dy Lo w2 gt 111
[ ——=] —Z=yn dy == @-y)?y" &y =—BE.>)
nJld-vy) n n 2n

0
T dt
Vi
W { @+t
Answer:
Lety=L when t=0 y=1 and when t=00 y=0
1+t
and t=[1—1] and dt=—i2dy
y y

t=(1_—y] and (1+t)=1 Substitute in the integration then
y y

0 -1/2 -1
Y24+ )Pt = [1‘—3’] (3] izdy
Ly y

-1/2 _ 11
(1-y)"y 1’2dy=B(§,§)

=
=&
+
—
N

Il

(5) Show that the area enclosed by the curve x*+ y* =1 is

ANnswer:

1 1
The required area is | ydx =4[ (1-x*)""*dx
0 0

Let t=x* then x=t/* and dx=%t‘3’4dtwhen x=0t=0 and when x=1t=1
Substitute in the integration then
2
r¢reé) _irdrd) _1(re)
r'(%) rd) 2 o

(6) EvaluateI'(3}) and ().
Answer:

1 1
4"‘ (1—X4)1/4dX=I (1—t)l/4t_3/4dt= B(%,% —
0 0

Since I'(n+1)=nI'(n)then T'(n)= %F(n +1)
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I(-3)= —21“(1) = —2f
1 1
)‘< 7) ~3)= (- 7)(— 5" ~3)= (- 7)(— 53
1 16
- - Iz
D=1 2 FG)=15

r'(-3)

(7) Show that: (i) T(x)I'(—x) =
X sinzrx

Answer:
Since I'(X)I'(1— x) = _”
sinzx

then I'(1— x)=—xI'(—x) and

and T'(x+1)=xI'(x)

T(X)T(1=X) = —xT(X)[(=x) = Si:ﬂx < T(X)['(=x) = XSI:”X
(TG —X)CE+x) = —=
COS X
Answer:
T(x)[(L—x)=—— (*)
SINzTX

put x=2—n then 1-x=1-(5-n)=3+n substitute in (*) we have

/4 /4 /4 /4

sinz(3—n) sin($-nz) sinZcosnz—cosZsinnz  cosnz

or TG—X)(G+x)=
COS X
Answers of Supplementary Problems

The Gamma function
(1)Evaluate

@7 6
20(ArE)  2(3H(2)
rerEg) @re) 16

rQ3) ()(5)(3)F(3) 105

T/ 2rS&re) =r&HrénSdré)= g[F(%)]?’ - gﬂ?”z

(@)

(b)

6
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(2)Evaluate

() Ofx4e_xdx =T'(5)=41=24
0

o0
(b) jx6e_3xdx let y =—3x we find y :0— 0
0

6.3y Y6y Ay 17 5 y o T(7)_6! 80
SLolxTedx = ()" e )= e Ygy =212 _ =%
({ ({(3) ) 37Iy V=7 T a3

© [x2e ™ dx let y =2x%2=x =YL :>dx m

f yY2eYg r(1)

(3)Find  (a) Ojoe -y

ANnswer:

Lety =x3=x :y1/3:>dx :%y_zwdy, y:0—>o

[00) B 3 Q0 _ 1 B 100 B _ 1
sfe X dx=[e Yy Bdy)==[y 3V dy ==r{d
({ Je? Gy Pay) Bcj)y y =3TG)

ANswer:
Let y =Jx =x =y2:>dx =2ydy, y:0>wo

N_e ~y = jy1’2e Y (2y dy) = 2jy3’2 “Ydy = 2I'(5/2)

3J_

=2(3/2)1/2r/2)=—"~
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o0
(© [y3e ™ dy

0
ANnswer:

1 (1/5 (1/5), —a/5 .
Lett =2y~ = =dy =~——~t dt, t:0—>
y y = \/5 y 5/5
{1/5
-2y° t, 1 a5 1 -3/5 4t 1
y3e™Y dy = (—)e (——t 4> dt dt r'(2/5)
I j 532 5(%)ZI 5(/2)?
—st p

4)Show that dt =, |—
(4) g N3 S

ANnswer:

Lety =st=>t=—=
S

1
(5)Prove that (@ [(n Dyn-1ax = 1(n)
X
0
Answer:

Let y it oCinx =xze Y dx =—e dy , y:o0o—0
X

1 0 0
1. g 4
: I(In;)n I = [y"H-e Y dy)=[y"teY dy = (n)
0 o0 0

1
P I\ - L(P+1)
[ (Inx) dx —(p+1)q+1

Answer:

Let y it oCinx =x=e Y =dx =—e dy , y:oo—0
X

1 0 0
- [x P anLyddx = [e P yd(-eY dy)=[yTe (PHDY gy
X
00 0
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Lett=(p+1ly =y =t—:>dy :d—t, t:0 >
p+1 p+1
o0 o0 o0
:>qu e~ (PHDY qy = j(—t et a _ 1 T jtq et dt _Tlp+D) +111
0 o P+l P+l (p+1)9 (p+1)¢

1
(6) Evaluate  (a) [(Inx )*dx
0

Answer:
Lety =—Inx =>x =e Y =dx=—e YV dy, y:0—0

1 0 o)
~fanx)tdx = [(-y)* (e Y dy)=[y? eV dy =T (5)=41=24

1
(b) [ (x Inx)°dx
0

Answer:
Lety =—Inx =>x =Y =dx=—e Y dy, y:0—>0
1 0 o0
oo Inx )3dx =[(-ye™ )2 (e dy):—jy3 e~ dy
0 o0 0
t dt _
Thenput t=4y =vy =Z:>dy = t:0 >

o0 o0 0 |
:>—Iy3 e_4y dy :—I(l)g e_td_t:_il‘-jt?) e—t dt:_r(j'):_ 3! . 3
0 0 4 4 4%y 4 256 128

1
(©) [JIn(@/x) dx
0
ANswer:

Let y i hx =x eV mdx =—e dy , y:0—0
X

1 0 o
wJPn@ixydx = [~y )3 (e Y dy)=—[yY3e™Y dy =-1(4/3) =—(U/3) r@/3)
0 0
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(7) Evaluate

() T(=7/2)

wIT'(n+)=nT(n)=T(n) :%F(n +1)

_T(-5/2)  T1(-3/2) I'(-1/2)

C(=712)  (=712)(-5/2) (=7/2)(-5/2)(=3/2)
r(1/2) 16 -

T(-7/2)

T (<7/2)(=5/2)(=3/2)(-1/2) 105

Cm TQ13)
(b) I(~1/3) = U3 31(2/3)

Beta function
(8) Evaluate

rE)IE) _ ()@Y _ 1

(@ B3.5)= r'(8) 71 105

r@/2re)_  rEe) 4

(b) BE/2.2)= r(7/2) (5/2)@3/2)r(3/2) 15

F(1/3)F(2/3): r 2

(c) B(L/3,2/3)= -
rd) sin(?) 3

rerE (@HE) 1
7y 6 60

1
@ [x%(@-x)%dx =B(3,4)=
0

1 1
(b) [Ja—x)/xdx =[x Y2@-x)V2dx =B(/2,3/2)

0 0
CT@U/2r(@E/2) TAI[A/IrAI2)] =
YO 1! 2

2
(©) [(4—x?2)¥2x
0

Lety —£:>x —2\/7:>dx _y y:0-1
4 Jy

10
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:?(4—x2)3/2dx :8?(1—ﬁ)3/2dx :8}(l_y)3/2d_y:8}y—1/2(1_y)3/2dy
0 0 4 0 \/y 0

_8B(1/2,5/2) = r@/2)r6/2) ra/2)iEe/2)a/2)ral/2)] _3r

) T Te 2! B

(10) Evaluate

4
@ (a) [u®?@-u)®*%du
0

ANswer:

Lety :UZ:>u =4y =>du=4dy, y:0->1

4 4 1
0 0 4 0
1
=207y 320 y)*2dy =219 B(5/2,7/2)=2'" B(5/2,7/2)
0

_,0I(6/2(712) 210 315 31
I'(6) 51 22222

) I\/3x x

Answer:

Lety =X§:>x =3y =>dx =3dy, y:0->1

\/r_jﬁ\/l (x/3)_'[\/9y Ny

1
=[y2q-y)yM2=B21/2)=x
0
(11) Prove that? dy _{rway
0yjat—y4 4av2z

11
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Answer
4
Lett=" =y =at4=dy =2t *dt, t:01
a
:? dy _1? dy _1}(a/4)t_3/4dt
.2 .2
0 a4—y4 a g 1—(y4/a4) a o 1-t

a0

1TQrQ) Jzr@) Jr Q¥
42 1) 4ar@d) dard)re

Jz Y oy
~da g/sin(Z)  4dav2r

(12) Evaluate

(@) jSin4¢9cos49d9:£B(g,%):E{F(Z)}
0 2 2 T(5)
(b) [cos®0 do=4 [ cos®o dezzB(Z,l):M
0 0 22 T
0 Xp_]_
(13) Show that | dx =T(p)T(p 1)
0 1+X
Answer:
+ X
and X:L,dx: 1 zdy
1-y 1-y)

The given integral becomes

L(p)ri-p)_ =
'@ sinpz

[ yPra-y)Pdy =B(p,.1-p)=
0

12
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T cosx dx m

Answer:

o0 _ ' o0
Since jtn_le_txdt:(n nt_I(n) Then i—ij "l ™y
0 x" o x" x" (),

Multiply both side by cosx

COSX
x " 1ﬂ(”)

j T ™ cosxdt

Then integrate with respect to x

of COSX 1
0

x N F(n

j j t "I "X cosxdxdt :ij tn-1 j e X cosxdx |dt
)o 0 () g 0

1 T t" sl puty - t* |_1 1 r(mr(-+1)
Ty @+td) @+t?)) 2T()  T(n)

T _ T
2I°(n)sin(n +1)% 2I'(n)cos(nz / 2)

Answer of quiz (3) in Mathematics

First year Electric department (power branch)

() X2

dx

0 1+x*

put x°=tand=> x =tand - dx = %(tan 0)_1/23ec20d 4

when X =0 we find =0

when X =00 we find 0=%

0 2 zl2 2 1712
[ = | Ml(tams?) 2 gec2 0d0—— j Jtanéd 6
0 0 (l+tan?@)2

13
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_1”/2 A/2 goos1/2 131 11 )F( ) 1 = 2r _ =m
== | f@cos ' “@dO==-B(=,>)= =
2 ¢ 44’4 4 r(1) 4'sin(zl4) 4 202
T

sinnz

Another solution
4

Puty = when x =0 wefind y =0 when Xx =00 we find

1+x4

X4

y =lim =1

1+x4

1/4 -3/4 2
And x4=—sx=[ ] sax=2[ ) (L] at
1-t t 4

=1} '[_1/4(1—t )—3/4dt =1B(l §)=;F(2)F(411) 1 T \/_72- T

2
2 | x¥8—x3 dx
0

1/3

Put x3=8y —>X =2y 7 —=>dx =§y_2/3dy

2 1 1

3/ 2 _ 8 — 1/3
[ x 8- x? dx =] 2y 13 a8y gy 213y =§I y 1/3(1_3’)
0 0 0

8 (g;) sT'3 )F() 8 &z _lbx

3 r(1) ~3sin(z/3) 93
1TQra) G )(2)(%)(1“(%))2 5z
2 T(4) 3l T 32

ml?2
(3) [ sin 5009 =
0

l\)lH

B(§.3)=

s T2 6, 6 7 -5
(4) I tan®ad 6 = j sin®@cos >0l B == B(§,7)

14
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We use the facts
I'4)=3)3)Grd).

since I'(n+1)=nI(n) then T'(n)= %F(n +1)

[(-2)= (-T2 = (=) (-5 (-3)= (-2 (=213

Special Function

(1) Evaluate
wl2 wl2 ml?2

(@) | sin®6do (b) | cos*ede €) | cos*@cos’ed e
0 0 0
Solution
l?2
(a) Since | sin2™1 9cos2"1 g4g = C(m)I"(n)
0 2I'(m +n)
Consider

2m—-1=6 - m =£

2n-1=0 —>n=%

then
T 7l ol
o) [ sinfagg= LM _TRIG) _TRIG)
0 2b(m+n) 2r(f+7%)  2I(4)
_AQPrQra) se
2(3") 32
O @ T cstaro- TR _QEIGIG) _sx
0 2I°(3) 2(21) 16

15



